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Abstract. In this paper it is studied the propagator for the modified theory of gravity 
proposed by Hofava. We first calculate the propagator in the A = 1 case and show 
that the main poles that arise correspond to the spin two particle and scalar particle, 
already known in the literature. The presence of a bad uiltraviolet behaving term 
spoils renormalizability of the theory but is eliminated by imposing the detailed balance 
condition, although just a soft version of this condition is actually needed. The problem 
j of wrong mass sign and statistics is verified at the tree level due to the presence of 

the cosmological constant, demanding a complete elimination of the tadpole in order 
to be fully analyzed. However, in the absence of such constant the extra scalar degree 
of freedom has no dynamics, at least at the tree-level, and the theory posses only 
two dynamical degrees of freedom. Secondly, to understand the implications of A, we 
analise a simplified model, the XR theory, and verify that the theory becomes non 
unitary, being a strong argument to set A = 1. 
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1. Introduction 

Modified theories of gravity involving higher order derivative terms is an old subject. 
Just after the development of Einstein's general relativity (GR), proposals of its 
modification through the combinations of products of the Ricci tensor have been put 
forward (TJ [2]. Such modifications gained strength in the context of quantum gravity, 
where the linearized version of Einstein's theory is known to be nonrenormalizable 
by power counting |3J. Although the addition of higher order derivative terms in the 
action proved to be in advantage compared with pure GR due to its renormalizability 
character pi], it failed to be a unitarity model. 

More recently, a theory of gravity with only higher order spatial derivative terms 
has been introduced by Hofava [5j [6]. The main idea consisted in to construct a theory 
with only extra higher order spatial derivative terms in the action with the aim of 
improving its ultraviolet behavior, with the advantage that the absence of extra time 
derivative should guarantee its unitarity. The foremost argument for such proposal lied 
in the fact that the gravity propagator of the linearized theory would behave like 

— J ^, (i) 

u 2 — k 2 — a 2 (k 2 ) 2 a z (k 2 ) z 

02, • • ■ , a z being coupling constants, k^ = (u, k) the four- momentum of the graviton 
and z > 1 a parameter associated with the highest order of spatial derivatives. The 
absence of higher order time derivatives would bring about only simple poles in u 2 , as 
schematically written in (OQ). 

In a previous work [7], we succeeded to obtain the exact form of ([1]) for a simplified 
Horava-Lifshitz theory with higher spatial derivatives up to the fourth order. In that 
case, the theory with only higher spatial derivative terms showed to be unitary, at least 
at the tree-level. Furthermore, no extra degrees of freedom appeared in the propagator, 
whose only nonzero residue was the one corresponding to a particle with two degrees 
of freedom obeying a nonrelativistic dispersion relation. For this simplified model, the 
appearance of a bad ultraviolet term in the propagator (not a pole) has been eliminated 
by a detailed balance condition as the one proposed in [6J , firstly introduced by Hofava 
with the aim of avoiding the spread of the constants labeling the new extra terms. 
The elimination of this bad ultraviolet term showed to be in accordance with the 
renormalizability conditions studied in [8] for the full Horava-Lifshitz theory obeying 
detailed balance condition. 

The present work is dedicated to obtain the propagator of the full Horava-Lifshitz 
theory firstly proposed in |6j. The theory with up to six extra spatial derivative terms 
is described by the action 

S=±- dt f d 3 xN^ (K ij K i:j - XK 2 + jR + aR 2 + f3R ij R ij 

+ o-e^RuVjRl + »("'(',, - 2A) , (2) 

| A study of the graviton exitation modes of different formulations of Hofava gravity can be found in 
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defined in the foliation M = 9ft x E, with index i, j = 1, 2, 3 on E. k 2 = G is 

the Newton's constant, and, all over the paper, c — h — 1. A is a running parameter 
that must take its relativistic value 1 in the infrared limit (also in this limit 7 — > 1). 
The totaly antisymmetric tensor £ y = e l ^ k / ^fq is written in terms of the Levi-Civita 
tensor density e u ' fe , where q = det(gjj). The extrinsic curvature 

= 2^ («« - 2V (^)) ' (3) 

AnBfi = {AiBj + AjBi)/2, and the Cotton tensor 

C ij = e ikl D k (r® 4 - \5iR}A (4) 

are defined by the 3-metric g^- on E, the covariant derivative V, compatible with q, 
the lapse function N and the shift vector N l . The 3-curvature on E is chosen to be 
R\j k = djY\ k — diT l j k + ■ ■ ■ while Rij = R U j. We may leave the constants a, (3, 7, 5, a, 
and A free. However, in the original proposal [6], they take the values 

5=--^ (5a) 

CO 

/3=-^f, (5c) 
a = - A f^~\ p, (5d) 



4(3A - 1) 
4 

K f 

4(3A 



7 = - T777T TT^W, (5e) 



A = ^Aw , (5/) 
imposed by the detailed balance condition extracted from the 3-action 

W = 11 jf rf 3 x^ (i?( 3 ) - 2A W ) + i j d?xe^ k (v\ m d T™ + j^r< m r™ ) . (6) 

The present paper is organized as follows: next section will be dedicated to develop 
the necessary tools to calculate the propagator of the linearized version of (j2J). Due 
to the difficulty, we first calculate the propagator for the Hofava-Lifshitz theory in the 
A = 1 regime. We show that a partially detailed balance condition must be applied in 
order to eliminate a bad ultraviolet behaving term, as the one obtained in [7]. Sec. [3] 
deals with the analises of the unitarity of the theory at the tree-level for A = 1. 
Although we preliminarily find poles with wrong sign in mass and a scalar particle 
with wrong statistics (similar results obtained in [10|). the full treatment of the problem 
certainly requires a consistent elimination of the tadpole introduced by the presence of 
the cosmological term, also a difficulty present in pure GR [11], and is out of the scope 
of this paper. In Sec. H]we study the modifications introduced by the A parameter. We 

§ In the original theory, Hofava uses k 2 = 327rG, what explains an overall fator of two 
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use a model that mimics Hofava's theory, i.e. the XR model [12], and show that the 
theory looses its unitarity when A 7^ 1. Summary and conclusions are in Sec. [5j 

2. The propagator 

In order to obtain the propagator in the linearized version of ([2]) we may first rewrite 
the lapse function as N — > and define k' 2 = k 2 / 'y/j and also W = 13/ 7 for 

U = a, 5, (3, a, A, so that the action may be cast as 

S = -^ [ dt [ d 3 xNy/d (K^Kij -\K 2 + R + a'R 2 + (3'R lj Rij 
K Jut Jt, 

+ a'e^RnVjRi + d'C^C,, - 2A') . (7) 

Let us define 

g 00 = -N' + N'N,, (8a) 

goi=N i: (8b) 

9ij = Qij ■ (8 c) 

It is clear that the matrix g^ v will become, at least in the relativistic limit where 7 — > 1, 

the metric in the manifold M. with signature h ++. The definitions above enable 

us to write N^/q = y/—g. As claimed in [6], the action (JTj) is still invariant under the 
coordinate transformations b~x^ = (e(t),e l (t,x)). In order to fix this gauge freedom, we 
choose the de Donder gauge T^ 4 ^ = g a/3 r^ 4 j M = (I^ 4 ) is the Christopher symbol defined 
in terms of g^) by adding to the action (JTJ) the gauge fixing term 



[ d^x^Y^Vf. (9) 
Jm 

In the weak field approximation 

9iw ~ Vio> + K ' h ^ > ( 10 ) 

where rj^ = diag(—l, 1, 1, 1) is the Minkowski metric, and fi, v — 0, 1, 2, 3, the action in 
(j7|), together with the gauge fixing ([HD, may be written, up to second order in h, as 

St « S<® + + . (11) 

In (dl), is an divergent constant when A' 7^ that may be absorbed through a 
redefinition of the action S, while 

S 0) = f d'xh (12) 



S 



gf 



2 k 



turns out to be a tadpole j X X j . The trace of the perturbed field has been defined 
as h = "q^hfo,. The conventional treatment to eliminate tadpoles shall be done by 
replacing 

and demanding that obeys an equation so that all terms linear in h cancel. Though, 
the treatment of such problem turns out to be really complicated in gravity due to 
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the fact that, contrary to what is usual in field theory, a^ v must be a function of the 
coordinates [11] . To illustrate this need, suppose a^ u is a constant. Then, the only place 
it will show up (neglecting surface terms) in the linearized action with up to second 
order in h will be in the square root \J—g in (fl2"|) as 



a/— det(7? + h + a) yj— det(r? + a) 



1 + -D^h 



fJtU 



h liv ) 



(14) 



where the matrix D = (I + rja)' 1 (I is the 4x4 identity matrix and, in that equation 
only, rj, h, and a should be understood as matrixes, not traces). Cancellation of the 
linear terms in h^ u demands that det(D) = [det(J + rja) — > oo], what is inconsistent. 
A complete treatment of the tadpole is too complicated and needs all orders in a even 
though we are limiting ourselves to order two in h. We will return to this point when 
discussing the propagator and the problem of unitarity. 

Let us now concentrate in the term . It can be written in the quadratic form 
1 



fif(2) 



o, 



aP,fiv 



(15) 

Ovii,a(3- For 



Clearly, the operator O possesses the symmetries O^^p 
convenience, as done in [7], we split 

(16) 

where 8^ = 8( a 8p), A^^p does not contain pure spatial indices, while Bij^i is the spatial 
sector of O. In momentum space k^ v = (u>, k), 



^4oo,oo 
Aoo,ij 



A-ijfik 



"'J 
2 



,2 A' 
k H , 

ij fc 2_ A .2_ (l _^ w 2 + A / 



~ ki k 



00 



A - 1 



(1 - (-h(ikj) + k k 8ij) H —coSijkk , 



A 



2 

^ [e + (i - - 2A1 - — 



M i:j , 



4 J 4 

and zero otherwise. It must be clear from the symmetries of O that A^^p 



A 



(17a) 
(176) 
(17c) 

aP,fj,u 



In the spatial sector 



2 2 2 



A 



A; 2 



/3' 



2 4 2 

rc - 1 ^ 

+ {Sijk k ki + S k ikik^ 



8'. 



A' 



—h 4 
4 fc 



2a' + |)P 



-\-kikjkj~ki 



ft' 



2a' + -- ) -k 



5' 



ij,kl ; 



;is) 



Propagator in the Hofava-Lifshitz gravity 
where 



P 



ij,kl 



k A 

-re((im(fck m %)) , 



(19) 



and is defined in terms of the tree-dimensional transverse projector 0^ defined in (II. 2p . 
The double bracket Atun^Bn^ = (Ai^B^j + Ajn e Bi\Aj2 is used in the same sense as the 
single one defined somewhere in the text. 

To obtain the propagator O^ 1 in momentum space we must solve the equation 

0^d- laP ' xs = 6%. (20) 

By splitting the above equation into pure spatial indexes and mixed indexes, the relevant 
equations to solve turn out to be 



/~i p\— Xkl 
^ij,kl U 


mn rmn 

— °ij ■ 


(21a) 


Q—I0i,mn _ 


~M-^Ao j>k iO- 1M ' mn , 


(216) 


q — 100, ran _ 


AoO,kl Q-lkl,mn 
^00,00 


(21c) 


Q-lOifiO _ 


-~M- 1 *A 0qjU O- lkl > 00 , 


(21 d) 


Q— 1 0i,0m 




(21 e) 


£)-l 00,00 _ 


^(i-A)o,^- liJ '°°) , 

^00,00 v 7 


(21/) 



where, from (117dp . 

M~ lij 



k 2 + (1 - £)u 2 



S lJ + 



(2A - 1 - 



(22) 



^ 2 + 2(l-A)fc 2 / 
To obtain Cij^i in (121 ap . one must fix indexes in (I20p as follows 

6 ij>tlv 6- x ^ kl = 2A tJ ^d~ 10 ^ kl + B ij>mn 6- lmn > kl = 5% . (23a) 

The O~ 10 ^ kl terms were obtained also by fixing free indices in (120]) and are written in 
( 121 ftp and (121 ch . Collecting those results one gets 

A)0,fczAj,00 



a 



ij,kl 



A 



AijOmM mn A 0n ki + B 



00,00 



ij,kl 



Si iM - —k + - S'k b + 2A' 



+ Si j Ski 



+ ^ s ((i(kk)kj)) 



4 



- [k — Xu - ^-k + \2a + — \k + —k - — 



8' 



L 2 k 2 



'i-t-[3'k 2 + 5'k A y— 



k 2 J 2 L0 2 k 2 



AF 



+ 



Sijkfcki + dkikikj 
k 2 



^-l)k 2 - [2a' + ^-)k 



H F + Gk 2 



IJk 2 JLuk 2 5' : 



+ 



- —k 



H F + Gk 2 4 
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+ 



kikjkikk 



k A 



2a' + (3'-^ + 



GJ 2 u 2 



F [F + Gk 2 



To shorten the above equation we defined 
k 2 + (1 - i)uj 2 A' 



F 
G 
H 
I 
J 
L 



4 

2A-l-£ 



2 



k + - u 2 H 

4 2 2 

2 ' 
a; . 



4 



2icr'P, 



ij,kl 



(24) 

(25 a) 
(256) 
(25 c) 
(25 d) 
(25 e) 
(25/) 



The tools to calculate the spatial sector w is developed in Appendix A However, 
in the case A ^ 1, it turns out to far complicated. To understand what is going on, first 
we will limit ourselves to the case A = 1. Latter we will come back to the general case 
A ^ 1 for the simplified model worked in [12J. 



2.1. The special case A = 1 

We now turn to the problem of finding the complete propagator O' 1 in momentum 
space for the case A = 1. We also may choose the gauge £ = 1, for simplicity. Then, 
we are ready to obtain the spatial index sector of the propagator that may be acquired 
by rewriting C given in (12"4"|) in the form of that in ( 11.5[) by applying Eqs. (jl.4a|) — fll.4e|) . 
After that, and by making use of the inverse formula (jl.8p . one finds that 



Q-l 



2P 1 + P° - P° 



-k 2 + 2k' 
(w 1 + 2V 2 - V° + V° - V 



— + ytPiiM + y^a,ki - (8a' + 3(3') 



= 



(k 2 - 2A' 



-P° 



ijM i d2 1 2 



-k 2 + 2A' 
+ V^ioM - (8c/ + 3(3') 



+ P ij,kl V2 ~ 



-k 2 + 2A' 



k 4 



:Pt 



<-k 2 + 2A') 2±ijM ' (26) 
From the first to the second equality in the above equation we recurred to the identities 
(jl.llajl and (ll.llhjl . Also, we defined 

1 



2/2 



-k 2 + (3'k 4 + V2\a'k 5 \ - 5'k 6 + 2 A' 
1 

+ - — — - - 

-k 2 + (3'k A - V2\a'k 5 \ - 5'k e + 2 A' 



(27a) 
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Ma' 

3/3 = - - 



2 l-k 2 + fi'k* - 5'k e + 2A' 



8 

(276) 



<7 



2^10 



The remaining terms of the total propagator are obtained by substituting (126|) into 
equations ( I216l) -(21j), also invoking the properties of Py,jw worked in Appendix A The 
full propagator is, then, 

fiv,af) 



o 



(2V 1 + 2V 2 - V° + P° - P° ) _ - 2%% 



fiv,a/3 



-k 2 + 2 A' 



-k 2 + 2A' 



(8a' + 3/3') k 4 Q^ 



-k 2 + p'k 4 - y/2\a'k 5 \ -6' 



2A' 



2 ( -A; 2 + /3'fc 4 - <5'A; 6 + 2A' f - <r' 2 A> ' 



Q 



p0 

ijtkl ' 

= -1, 

rv m rv n 



(29) 



where, 

Qoo.oo 

Qrv m rv n 
00,mn — — =r— = 'aZmnfiO j 
fc 2 

0, otherwise. 
Notice that the relevant poles 

k 2 -2A', (30 a) 

- A; 2 - /3'£ 4 ± v^lo-'A? 5 ! + 5'£ 6 - 2 A' (306) 

have the wrong sign in the mass if A' > 0. It is not the case if we impose detailed 
balance condition, where Aw < because 7 > 0, since it is related to the emergent light 
speed [6J. Though, we have not treated the tadpole f fT2|) yet. We know from field theory 
that the elimination of tadpoles may change masses so that we hope this problem should 
be resolved after that. This is also a problem in pure GR with cosmological constant 
The wrong mass and statistic problem in the full Hofava-Lifshitz theory has been raised 
in [10], although its correction through the tadpole elimination has not been considered. 

In the propagator obtained above, we follow the interpretation given in [10] where 
the two distinct poles in ( 13061) are said to correspond to the same spin two particle (P 2 
has only two independent indexes) with two different polarizations. The reader may also 
notice that the pure GR pole (130 ah with cosmological constant A' has been reobtained 
in the gauge £ = 1, contrary to the expected form (JTJ) to the propagator. However, it 
has suffered a correction proportional to P 2 whose consequences shall be understood in 
the next section, together with the other terms in the propagator ( 128]) . In ref. [7], in the 
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absence of a cosmological constant, we showed that such pole does not have dynamics, 
at least at the tree level. 

It is worth mentioning that the term containing Q has a bad ultraviolet behavior, 
since by power counting in momentum k it has a worse behavior than that of pure gravity. 
In [7J we have faced the same problem. However, the imposition of a detailed balance 
condition in that situation have canceled this undesired term. In the present case we got 
a similar situation, where the detailed balance condition written in (l5dj) . for A = 1, lead 
us to 8a' + 3/3' = 0, eliminating the only bad ultraviolet term in the propagator ( 1281) . 
It is also interesting to note that such problem raises only when in the presence of the 
terms R 2 and R^Rij, whatever combination we choose for the remaining extra terms in 
(T5]). This suggests that, regarding renormalizability of the theory, there is a possibility 
of relaxation of the detailed balance condition provided we keep a' = — 3/9'/8. 

3. Tree- level unitarity 

At this point, we need to verify the physical degrees of freedom in the propagator ( 1281 
and test its unitarity at the tree level. To do this, we must saturate the propagator 
with an arbitrary conserved current T^ u (k fl T fll/ = in momentum space) (TTJ [13J IT4] . 
The most general conserved current can be spanned by the four linearly independent 
vectors k^ = (co,k), k^ = (—u,k), and eff = (0, e r ) with e r ■ e s = 5 rs , where r, s = 1,2 
corresponds to the two graviton transverse directions, i.e., e r ■ k = 0. Arbitrarily we 
write 



with an explicit sum over repeated indexes r and s. There are 10 arbitrary coefficients 
a,b,c rs ,d,e r , f r (c rs = c sr ) that reduces to the six independent components of the 
conserved current by requiring its conservation k^T 11 " = 0, i.e., 



Reality condition on T^ LU {x^) requires T^ v {—k) = T* tiu (k) and, as a consequence, 
a, b, c a b, d E dt, while e r and f r are pure imaginary. From now on we are going to 
impose 8a' + f3' = to eliminate the bad ultraviolet term in the propagator. Let us 
define the amplitude 



T^(k) = ak»k v + bk^k v + c, 



■rs 



e?e u s + 2dkH v) + 2e r e < fk v) + 2f r e^k v) , (31) 



ak 2 + d(co 2 + k 2 ) = , 
dk 2 + b{u 2 + k 2 ) = 0, 
e r k 2 + f r (u 2 + k 2 ) = 



(32 a) 
(326) 
(32 c) 



A = T^(k)6-^T^(k) 



k 2 (b - a) l(b - a)k 2 - 2c„\ + 4f* [f r k 2 + e r (oo 2 + k 2 

-k 2 + 2M 



)] 




k 2 + /3' k 4 + V2\a'k 5 \ - 5'k Q + 2 A' 



1 




(33) 
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where (I32ap -( l3"2~cl) have been taken into account. The elimination of P, given by 

T^¥ ijM T kl = ^c rs c st {e r x e t ) m k m = , (34) 



was obtained applying its properties described in Appendix A The residues of the 
remaining poles turn out to be: 

• Pole -k 2 + 2A' = 

Res A, = 4A'(6-a) [(& - a) A' - c rr ] + 8f* \f r A' + e r (k 2 - A')] ; (35) 

• Poles -k 2 + (3'k 4 ± y/2\a'k 5 \ - 6'k 6 + 2 A' = 



Res A w± = (c 11 - c 22 ) 2 + 4(c 12 ) 2 > . (36) 

Notice that the residue of the pole —k 2 + 2A' = is not strictly positive, since it 
depends on the value of A' as well as k. In the absence of the cosmological constant A' it 
clearly eliminates such problem and also switch the residue of this pole to zero, because 
f r — when k 2 = from (132 c\i . This is what have occurred in our previous work [7] . This 
means that we can eliminate the dynamics of the scalar degree of freedom by discarding 
the cosmological constant. In the case of keeping the cosmological constant, one must 
eliminates the tadpole in (j!2p and only then analise the residue of this problematic pole 
to verify the sign of its residue. The new pole corresponding to the spin two particle 
with the two polarizations u± has the right statistics. The problem of mass in this pole 
also probably relies in the tadpole elimination process. 

4. The XR model 

Last section we focused on the analises of the full Hofava theory with A = 1 due to the 
difficulty generated by an arbitrary A. Now we concentrate in the A ^ 1 case, again in 
the gauge £ = 1, for a simplified model in order to understand the main modifications 
introduced by this parameter in the propagator. The XR model, first studied in [12] 
in the context of constraint analises in the Hamiltonian formalism, is described by the 
action 

S= \ [ dt [ d?xN^fd (iC'Ky - XK 2 + R) , (37) 

and corresponds to the case ^ — 1, a — 5 — /3 — a — Oin the present work. By 
adjusting such parameters in the equations in Sec. [2] we readily obtain, for the spatial 
sector of the propagator, 



O 



(2P l + 2P 2 + f P° + |P° - f P°) ^ g _ 4A (2P° + P° + P°) 



ij,kl 



ijM ~k 2 7(3A-1) _Jfe2 + 7 AdL.jfe2 

(2P 1 + 2P 2 - |P° + f P° - f P°) ^ g _ 4A (3P°+P° + P 



3A-1 

ijM V — <±A V / ij,kl /„o\ 

7(3A-1) _fc2 + 7 _AdLjfe2 > ) 
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where, from the first to the second equality, we used the relations (11.11 al) and (jl.llfep . 
Again, by inserting the above result into equations (!25fc|) -(25_/) one gets 

[iv, a/3 



-l 



(2V l + 2V 2 - V° + V° - V { 



-k 2 



+ U 



fj,u,af3 



(39) 



Once more, the theory contains the GR propagator with pole —k 2 = 0, but without 
cosmological constant. The presence of A have generated the noncovariant term 
9 1 6-4A 9 



00,00 



7-k 2 7(3A-l)_fc2 + 7 A^£a 



0i,mn 



4 1 6-4A 
+ 



(A - l)ukj5 mn 
-k 2 + 2(X-l)k 2 \7-k 2 ' 7(3A - 1) _p + 7^^ 

1 



00, mn 



" ' 7-P + 7(3A-l)_P + 7^ 



(A — l)a;/ci 



Oi.OO 



u 



-A; 2 + 2(A - l)fc 2 

(A — l)kikj 
-k 2 + 2(\-l)P 



12 1 6 - 4A 

+ 



9 



U, 



ij,kl 



= 



3p u + V u + p 



7 _A;2 7 (3A - 1) + 

2 (A - l)w 2 / 12 1 

^ -F + 2(A- 1)P V 

6 -4A 9 
" f 7(3A-l)_A;2 + 7 ; ^Lp 

I I 6 - 4A 



(40) 



nM \7-k 2 7(3A - 1) _ fc 2 + 7^2 



-fc 2 + 2(A - 1)£; 2 



Apparently, there is a spread of poles, including a quadratic one 
To study the physical degrees of freedom and check unitarity at the tree-level, we again 
saturate the propagator with the conserved current T^ v given in (l3Tj) . Let us again 
define 



A = T*^O uua0 T^ = A GR + A 



(41) 



where we have separated the pure GR amplitude 



A 



GR 



5.0 



rp*HV I _ -pO _|_ <p0 _ <p \ rpa/3 



-k 2 

2c rs c rs - c 2 rr + k 2 {b - a) \{b - a)k 2 - 2c rT ] + 4/* [f r k 2 + e r (u 2 + k 2 )] 



(42) 



from the modifications introduced by A contained in 

oo 2 (a-b) 2 



A = T HIU U, 



rpa/3 



AU2 I 8a/(A-l) 

^ ^ (3-2A) 



-k 2 + 2(A - l)k 2 



+ 



3u 2 (a + b-2d)-(a + b + 2d)k 2 - c rr + Au 2 (a - b) + Ak 2 u 2 (a - b) 

^k 2 
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yg^j huj 2 (a + b - 2d) - (a + b + 2d)k 2 - c rr + 4w 2 (a - b) 



3A-1 
6-4A 



-i 2 



-k 2 + 7 



A-l 
3A-1 



12 



(43) 



obtained by carefully summing T^^U^^T 



T* 00 Woo,ooT 00 + 2f* 00 U 00 ^ + 
4:f* 00 U 00fii T 0i H using flUD together with flM]). The interesting result is that the 



quadratic pole 
one to find 



-k 2 + 2(A — l)k 2 has been canceled. Conditions ( I32al) -( l32~cj) enable 



Res(A GB % k 2 =0 = (c 11 - c 22 ) 2 + 4(c 12 ) 2 > . 
The remaining residues, including the correction in the residue of the pole —k 2 
• Pole u 2 = k 2 . In this case, b = d = f a = 0. The result is, then, 



Res(A). 



k 2 =0 — J 



6k a 



> 0. 



(44) 
are: 

(45) 



This modification is healthy since it cannot change the sign of the residue of this 
pole when combined with (1441) . 

Pole u 2 = k 2 - 2(A - l)^ 2 = (3 - 2\)k 2 =^ A < 3/2. The result is 

Res(A)_ k2+2(x _ 1)P=0 = 0. (46) 

In other words, this pole has no dynamics, at least at the tree level. This is fine, 
since we do not want a spread of degrees of freedom. 

Pole u 2 = k 2 - 7(A - l)k 2 /(3\ - 1) = (6 - 4A)A r2 /(3A - 1). Again, reality implies 
A G (1/3,3/2]. Eqs. fl32ol) -fl32cj) lead us to the relations d = -7a(X - 1)/(3A - 1) 
and b = 49a(A — 1) 2 /(3A — l) 2 , with the resulting residue 

8a£ 2 (3 - 2A)(25A - 13) 



Res (A) _ k 2 +1 p =0 



6-4A 
7(3A- r 



(5-A) ; 



< 0. 



(47) 



The extra degree of freedom in the above equation clearly corresponds to a ghost 
unless the two following situations apply: A = 1, which is pure GR; A = 3/2, 
where the corresponding particle has no dynamics. However, we expect that A is 
dynamical and must run to 1 in the infrared limit. If A runs continuously, in this 
process this ghost will acquire dynamics and will be harmful. The theory in the 
presence of the parameter A demands extra corrections. A consistent exention to 
the Hofava gravity in such case can be found in Ref. [15J. 



5. Summary and Conclusions 

In this work we have obtained and analyzed the propagator for the Hofava-Lifshitz 
gravity. To begin with, in Sec. [2] we limited ourselves to the case A = 1 and showed 
that the corresponding propagator contains the following: a pole corresponding to the 
scalar excitation; a spin two particle with two distinct polarizations corresponding to 
two different dispersion relations, possibly with wrong sign in mass depending on the 
sign of the cosmological constant; a bad ultraviolet behaving term that must spoil 
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renormalizability; and also a nonphysical pole. The bad ultraviolet behaving term is 
automatically eliminated by imposing the detailed balance condition or, as the case 
worked in |7J, a partial detailed balance condition is enough because this problem arises 
only in the presence of the terms R 2 and R^Rij. 

In Sec. [31 we studied the tree- level unitarity and, as a result, the nonphysical 
pole was automatically eliminated. One problem arises due to the fact that the pole 
corresponding to the scalar excitation has no positive defined residue. This problem 
was also raised in |10| . together with the wrong mass sign problem. However, none of 
us have treated the tadpole in the theory. We argue that a careful elimination of such 
linear term in the field h could change masses and also cure the problem of negative 
residues. This is not a problem restrict to the Hofava gravity and is also present in pure 
general relativity with cosmological constant [llj. One can see that the elimination of 
the cosmological constant eliminates this problem, and also eliminates the dynamics of 
this scalar particle, reducing the number of degrees of freedom to the desired value of 
two. However, a complete treatment of the tadpole seems to be extremely complicated 
and we did no addressed to this problem. 

Section H] was dedicated to study the general case A ^ 1. Due to the difficulties 
of treating the full Horava-Lifshitz theory in the presence of A, we limited ourselves 
to the simplified XR theory studied first in [12j in the context of constraint analises. 
After we calculate the propagator of this model, we showed that, beyond the limiting 
range A G (1/3,3/2] for this parameter, the theory turns out to be non-unitary. The 
only values of A for which the theory ir unitary is 1 and 3/2. Nevertheless, if A runs 
continuously to 1 in the infrared limit, the theory is not unitary anyway. The difference 
between the \R and Horava-Lifshitz complete theory relies in the extra spatial derivative 
term and the ghost present in the first will probably be present in the second. 
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Appendix A. Barnes-Rivers operators 

The 3-dimensional symmetric Barnes-Rivers operators [T3| [HJ EE] are given by 



Pij,kl = 20 ({i(kUi)j)) , (1.1a) 

P ij,kl = 6i(k&l)j ~ -jQifikl , (1-16) 

P&M =^V«. ( Llc ) 

PfjM = UijWU, (1-1 <0 

P ij,kl = 9ij u kl + Uij9kl , (1.1 e) 
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where the projection tensors 

d ij = ^-^r and w u = TT ( L2 ) 

k k 

have been defined. Such operators obey (using AB in the place of A^' kl B k ^ mn to 
the contractions) P 1 P 1 = P 1 , P 2 P 2 = P 2 , P°P° = P°, P°P° = P°, P°P° = 
(D - 1)(P° + P°), P°P° = P°P° = P duJ , P°P° = P°P° = P ud , together with 
P^ k l = OijUu and P^ e M = ^ifiki- Any other contraction is found to be zero. In the 
present problem, we must also take into account the new object P, whose properties 
are fc'P^fc, = 6 ij F ijM = while 6 l m F ijM = ¥ mjM . As a consequence, PP = PP = 
for P = P 1 , P°, P°P° and PP 2 = P 2 P = P. The last important property of P can be 
straightforwardly checked and the result is 

Returning to the Barnes-Rivers operators, they obey the identities 

&HM = (P 1 + P 2 + P° + P%, kl (1.4a) 
SijSu = (2P° + P° + P\ hkl , (1.46) 

= ( 2pl + 4 p °h,ki , (L4c) 

k 2 

i-fakkh + 8 M hh) = (P° + 2P%M , (1.4(f) 
fc 2 
1 

& 

By applying the above identities to the symmetric operator C given in (124"|) . one can 
rewrite it as 

C = ^p 1 + X2 p 2 + Xo p° + x P° + x P° + ixaP , (1-5) 

with all the x's real. Let us propose the inverse, if it exists, as 

O- 1 = y l P 1 + y 2 P 2 + y P° + yP° + ^ P° + y 3 ¥ . (1.6) 

The properties of the P's and the P together with the result of their products enable 
one to write the product 

CO' 1 = x 1 y 1 P 1 + (x 2 y 2 - ^k 10 x 3 y 3 ^j P 2 + (x y + 2f y )P° + (x y + 2x § )P° 

+(x f + x y~o)P 6 " + (x y + x y )P ue + (x 2 y 3 + iy2X 3 )F = I 
= P 1 + P 2 + P° + P° , (1.7) 

where I stands for the identity 5 k ] obtained in (11. 4 aft . The solution to the above equation 
then reads 

~_ x _ P 1 x 2 P 2 x P° + x P° - x P° . x 3 F 



-(k i k j k k k l ) = P° Ja . (1.4e) 



xi ' ( X2 )2_4p. x x Q -2x 2 f X2 y_4^1 
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In 4-dimensions, the Barnes-Rivers operators may be written as 

f^ap = 2 ©((mA)")) > ( L 9a) 
= %{c&P) v - , (1-96) 

K>,«fi = \ Q »» Q "P' (1.9c) 

(1-94) 



Now, the projection operators are defined by 

e„ = v-^ ^d n /B/ = ^. (i.io) 

Eventually, it will be convenient to relate the Barnes- Rivers operators in three and 
four dimensions. When only the spatial indices are being treated, it is possible to obtain 
the following identities between the P's and Vs 

( pl + P 2 + P° + P°) ljM = (V 1 + V 2 + V° + P°) %jM , (1.11a) 
f 2p o + p o + p°\ = ( 3V o + po + p°\ _ ( 1U ^ 

V / ij,kl V / ij,kl 
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